Leptogenesis from loop effects in curved spacetime by Graham, Shore
 Cronfa -  Swansea University Open Access Repository
   
_____________________________________________________________
   
This is an author produced version of a paper published in :
Journal of High Energy Physics
                                         
   
Cronfa URL for this paper:
http://cronfa.swan.ac.uk/Record/cronfa25650
_____________________________________________________________
 
Paper:
McDonald, J. & Shore, G. (2016).  Leptogenesis from loop effects in curved spacetime. Journal of High Energy
Physics, 1604, 030
http://dx.doi.org/ 10.1007/JHEP04(2016)030 
 
 
 
 
 
 
 
 
_____________________________________________________________
  
This article is brought to you by Swansea University. Any person downloading material is agreeing to abide by the
terms of the repository licence. Authors are personally responsible for adhering to publisher restrictions or conditions.
When uploading content they are required to comply with their publisher agreement and the SHERPA RoMEO
database to judge whether or not it is copyright safe to add this version of the paper to this repository. 
http://www.swansea.ac.uk/iss/researchsupport/cronfa-support/ 
 J
H
E
P
0
4
(
2
0
1
6
)
0
3
0
Published for SISSA by Springer
Received: December 9, 2015
Revised: February 19, 2016
Accepted: March 7, 2016
Published: April 5, 2016
Leptogenesis from loop eects in curved spacetime
Jamie I. McDonald and Graham M. Shore
Department of Physics, Swansea University,
Singleton Park, Swansea, SA2 8PP U.K.
E-mail: pymcdonald@swansea.ac.uk, g.m.shore@swansea.ac.uk
Abstract: We describe a new mechanism | radiatively-induced gravitational leptoge-
nesis | for generating the matter-antimatter asymmetry of the Universe. We show how
quantum loop eects in C and CP violating theories cause matter and antimatter to propa-
gate dierently in the presence of gravity, and prove this is forbidden in at space by CPT
and translation symmetry. This generates a curvature-dependent chemical potential for
leptons, allowing a matter-antimatter asymmetry to be generated in thermal equilibrium
in the early Universe. The time-dependent dynamics necessary for leptogenesis is provided
by the interaction of the virtual self-energy cloud of the leptons with the expanding curved
spacetime background, which violates the strong equivalence principle and allows a dis-
tinction between matter and antimatter. We show here how this mechanism is realised in
a particular BSM theory, the see-saw model, where the quantum loops involve the heavy
sterile neutrinos responsible for light neutrino masses. We demonstrate by explicit compu-
tation of the relevant two-loop Feynman diagrams how the size of the radiative corrections
relevant for leptogenesis becomes enhanced by increasing the mass hierarchy of the sterile
neutrinos, and show how the induced lepton asymmetry may be suciently large to play
an important ro^le in determining the baryon-to-photon ratio of the Universe.
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1 Introduction
Recently, we presented a new mechanism [1] for generating matter-antimatter asymmetry
in the Universe by exposing a deeper connection between matter, antimatter and gravity.
Our central nding was that at the quantum loop level, matter and antimatter propagate
dierently in the presence of gravity when C and CP are violated | a phenomenon we
showed to be forbidden in at space by translation invariance and CPT. This leads to a
dierence in the dispersion relations for matter and antimatter, which manifests itself in
the form of a chemical potential for baryons or leptons in an eective action, and leads
to a mechanism for generating the baryon asymmetry of the Universe without invoking
out-of-equilibrium decays of heavy BSM particles. In this paper, we explain these ideas in
greater detail and give an extended account of the calculations which underlie them.
This mechanism | radiatively-induced gravitational (baryo) leptogenesis | is very
general, and relies only on the breaking of three symmetries: C, CP and spacetime trans-
lation invariance. This is realised in a cosmological setting by the Hubble expansion of
the Universe, which provides the time-dependent dynamics necessary to produce a matter-
antimatter asymmetry. Consequently, many at space BSM theories of baryogenesis and
leptogenesis, which by virtue of the Sakharov conditions [2] must violate C and CP, will
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naturally exhibit our mechanism when minimally coupled to gravity, without the need to
add new fundamental interactions. Moreover, and remarkably for an intrinsically quan-
tum eld theoretic eect in curved spacetime, it is strong enough to generate the observed
baryon-to-photon ratio of the Universe.
In the remainder of this section, we introduce the key ideas of our mechanism in the
context of leptogenesis, illustrated in the popular `see-saw' model [3] in which heavy sterile
neutrinos are introduced to provide masses for the SM neutrinos. We contrast the way in
which leptogenesis arises in this model through the coupling of quantum loops involving
virtual sterile neutrinos to the cosmological gravitational eld with the conventional mech-
anism, where the lepton asymmetry arises from the decays of on-shell sterile neutrinos as
they fall out of equilibrium as the Universe cools.
After this overview, we describe our approach in detail from rst principles, beginning
in section 2, where we discuss radiative corrections to matter and antimatter propagation
in at and curved backgrounds. Here, we demonstrate that when C and CP are violated,
the breaking of translational invariance by gravity leads to a dierence in the propagation
of matter and antimatter. We also provide a simple proof, at the level of both S-matrix
elements and correlators, that CPT and translation invariance prevent this situation in at
space.
In section 3 we study the eective eld theory generated by these propagators. We
show that when we integrate out the heavy degrees of freedom to construct a low energy
eective Lagrangian, distinct matter and antimatter propagation generates a C and CP
violating operator coupling the lepton current to the derivative of the Ricci scalar. In
isotropic cosmologies, this operator leads to a chemical potential between leptons and
antileptons, generating a lepton asymmetry driven by the expansion of the Universe. Since
CP violation in the see-saw model arises rst at fourth order in the complex coupling
between the light and sterile neutrinos, the asymmetry is generated by two-loop Feynman
diagrams contributing to the lepton self-energy. The evaluation of the relevant Feynman
diagrams is presented in section 4, where we study in detail how our eect is enhanced by
increasing the hierarchy of sterile neutrino masses.
The implications for leptogenesis in the early Universe are discussed briey in section 5,
where we evaluate the quasi-equilibrium lepton asymmetry in a radiation-dominated FRW
universe and show that this may be suciently large to play an important ro^le in deter-
mining the observed baryon-to-photon ratio of the Universe.
1.1 The mechanism
Although our mechanism is very general, for clarity we illustrate it in this paper within a
particular model | the see-saw model, rst proposed as a means of obtaining a baryon
asymmetry via leptogenesis by Fukugita and Yanagida [3]. The corresponding minimally
coupled Lagrangian is given by
L = LEW +
p g

Ni =DN + i `iN +
1
2
(N c)M N + h.c.

: (1.1)
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where
p g is the square root of the metric determinant, and D is the spinor covari-
ant derivative. In this model, `i (i = e; ; ) are the light, left-handed lepton doublets
and  is the Higgs eld1 which couples to heavy right-handed sterile neutrinos N with
non-degenerate masses M ( = 1; : : : n). Crucially, the Yukawa couplings i contain
irremovable complex phases, providing a source of C and CP violation. The rst Sakharov
condition is realised in two parts: the Yukawa interaction violates lepton number by one
unit, allowing the creation of matter-antimatter asymmetry in the lepton sector. This is
then converted to a baryon asymmetry of the same magnitude via sphaleron processes [4, 5],
which are in equilibrium at high temperatures in the early Universe.
We note also at this point that that the Majorana mass term for the heavy neutrinos
gives two classes of propagators, charge-violating propagators S (x; x0) = hN(x)N c(x0)i
and charge-conserving propagators S(x; x
0) = hN(x)N(x0)i, where the C script denotes
the Dirac charge conjugate. All diagrams can be expressed in terms of this basis of sterile
neutrino propagators. In at space, translation invariance allows us to write them in
momentum space as
S(p) =
i=p
p2  M2
; S (p) =
iM
p2  M2
: (1.2)
We now describe how the third Sakharov condition, namely a departure from equilib-
rium, is satised in the traditional sterile neutrino decay scenario, and then how leptogen-
esis is realised in our own mechanism.
Leptogenesis from heavy neutrino decays. The traditional leptogenesis model ne-
glects gravitational eects in the Lagrangian, with all relevant amplitudes calculated in
at space. In the simplest leptogenesis scenario [3, 6{8], one assumes a thermal initial
abundance of sterile neutrinos.2 At early times, when the temperature is suciently high
(T &M1), decays N1 ! ` and inverse decays `! N1 are in equilibrium and the sterile
neutrinos remain thermalised with relativistic number densities. However, as the temper-
ature drops to T . M1, the inverse decays are Boltzmann suppressed by a factor e M1=T
and become inecient. For a short time, this leaves the sterile neutrinos slightly over-
abundant compared to their non-relativistic equilibrium distribution, until eventually they
decay. This is the out-of-equilibrium process necessary to satisfy the Sakharov condition
and allow leptogenesis.
An interference between the tree-level and one-loop decay amplitudes shown in gure 1
gives a dierence in the production rates of leptons and antileptons at the time of the heavy
decays, as characterised by the well-known quantity [7]
 =   1
8
X
 6=
Im[(y)2 ]
(y)
"
f
 
M2
M2
!
+ g
 
M2
M2
!#
; (1.3)
1In this notation, the Higgs doublet ~ appearing in the SM lepton sector is related by a = ab ~yb.
2There are other scenarios [8] for the initial state of the sterile neutrinos, but in all cases, the lepton
asymmetry is generated when they depart from their equilibrium distribution.
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Figure 1. Flat space diagrams contributing to out-of-equilibrium decays. The second and third
diagrams give f(x) and g(x) respectively.
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Figure 2. Curved space two-loop self-energies which contribute to radiatively-induced gravitational
leptogenesis.
where
f(x) =
p
x

1  (1 + x) ln

1 + x
x

;
g(x) =
p
x
1  x: (1.4)
In this way, a lepton asymmetry is generated at the point when the sterile neutrinos fall
out of equilibrium.
Leptogenesis from radiatively-induced gravitational couplings. In our scenario,
the time-dependent dynamics necessary to distinguish the dispersion relations for leptons
and antileptons and induce the matter-antimatter asymmetry arises from the expansion
of the Universe itself, through the gravitational coupling to the virtual self-energy cloud
screening the leptons at the quantum loop level. Here, the heavy sterile neutrinos play an
altogether dierent role. Rather than generating the lepton number asymmetry through
their out-of-equilibrium decays, they contribute to our mechanism only as virtual particles
mediating the propagation of the light leptons, as shown by the diagrams in gure 2. The
propagators in these self-energy diagrams are the appropriate curved space Green functions
(see, e.g., ref. [1]) derived from the minimally-coupled Lagrangian (1.1). Crucially, the
introduction of a scale associated with the mass of the virtual particles in the loops allows
a direct coupling to the curvature, which violates the strong equivalence principle and
allows the leptons and antileptons to propagate dierently.
When the heavy sterile neutrinos are integrated out from the Lagrangian (1.1), these
self-energy diagrams produce the following C and CP violating operator in the low-energy
eective action:
Li = @R
 
`
i
`i
 X
; ; j
Im
h
yii
y
jj
i
3MM
I[]; (1.5)
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where the loop factor I = I(M;M), which we shall discuss at length in subsequent
sections, is a function of the two sterile neutrino masses M and M in the loop. In
a homogeneous and isotropic universe, the spatial derivatives of R vanish, leading to a
chemical potential for each lepton generation of the form
i = _R
X
; ; j
Im
h
yii
y
jj
i
3MM
I[]: (1.6)
This changes the equilibrium distributions of leptons and antileptons and, after summing
over lepton generations, we get a total lepton asymmetry3
nL =
T 2g`
6
_R
X
;
Im
h
(y)2
i
3MM
I : (1.7)
Previously, C and CP violating operators of this kind have been added by hand [10{
15], with the assumption that they may arise from a complete theory of gravity. However,
without an obvious source of C and CP violation in the underlying theory, it remains
unclear how these operators would actually arise in an eective theory of quantum gravity,
and with what magnitude. Instead, we demonstrate here how they are generated in a
simple and elegant fashion directly from loop eects in a BSM quantum eld theory in
curved spacetime. Furthermore, we have a readily accountable source of CP violation from
the Yukawa couplings.
We will describe this eect in great detail in the remainder of this paper, but for now,
we emphasise three crucial radiatively-induced eects which allow the realisation of our
mechanism and the generation of the operator (1.5).
1. As in the traditional scenario, it is only at the loop level that one becomes sensitive to
the complex phases of the Yukawa couplings, so that C and CP violating operators
such as (1.5) are only produced above some minimum number of loops needed to
expose the CP violation.
2. The operator (1.5) manifestly violates the strong equivalence principle (SEP), al-
lowing a distinction between the gravitational eect on dierent particles. Minimal
coupling of the Lagrangian ensures that at tree level, the SEP still holds. However,
at the loop level, the insertion of curved space propagators in gure 2 means that
virtual particles probe the details of the background, causing the leptons to become
sensitive to curvature eects. As a result, even in an inertial frame, radiative ef-
fects force the particle to become sensitive to curvature, permitting the existence of
SEP violating operators (1.5). The interpretation of this eect is that the screening
cloud causes the lepton to acquire an eective size and experience tidal forces, re-
alised by couplings of various curvature tensors to the lepton elds in the eective
action, such as (1.5). Together with C and CP violation, this SEP-violating eect
also distinguishes between the leptons and antileptons.
3See, for example, [9] appendix C for a compendium of useful formulae for number and energy densities
for particles of dierent statistics in thermal equilibrium.
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Figure 3. A schematic drawing illustrating how the lepton becomes sensitive both to CP violation
and to the time-dependent nature of the background at the loop level.
3. In one form or another, time dependence of the dynamics is a necessary ingredient in
any mechanism for producing a matter-antimatter asymmetry. In the sterile neutrino
decay mechanism, this is realised according to the conventional Sakharov condition
by a non-equilibrium process. In contrast, gravitational leptogenesis introduces time
dependence through the coupling to an evolving background gravitational eld [10].
The novel feature of our mechanism is that this sensitivity to the background arises
dynamically, through explicitly quantum eld theoretic eects occurring naturally
at loop level. This elucidates why the operator (1.5) responsible for the matter-
antimatter asymmetry depends on the non-vanishing of the time derivative of the
curvature. In this sense, the leptons inherit the time-dependent dynamics of the
background. This is illustrated schematically in gure 3.
Having highlighted some of the key similarities and dierences between the traditional
mechanism and our new approach, as embodied by the formulae (1.3) and (1.7) respectively,
we spend the remainder of this paper examining in greater detail the origin of our eect,
beginning with a discussion of propagation.
2 Matter-antimatter propagation in at and curved spacetime
We begin with the following motivation, namely that the operator (1.5) causes a splitting in
the spectra of matter and antimatter. Consider a quasi-plane wave solution for the lepton
eld `(x) = u(x)e i(x), so that the momentum of the particle is given by p = @. As
discussed in [16], when an operator of the form b @Rj
, coupling the derivative of the
Ricci scalar to the lepton current, is added to the Dirac action, it gives dierent dispersion
relations for particles and antiparticles. To see this, note that the modied equations of
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i =D`+ b @R
` = 0; i =D`c   b @R`c = 0 (2.1)
are solved in the context of the eikonal approximation [16] by
`  u(x)e i( bR); `c  v(x)e i(+bR) (2.2)
leading to the dispersion relations
(p  b @R)2 = 0; (2.3)
for the leptons and antileptons respectively. This causes a dierence of energies between
matter and antimatter | a picture which is consistent with the interpretation (1.6) of (1.5)
as a chemical potential, which also corresponds to an energy-cost dierence between par-
ticles and antiparticles.
We see then that the existence of this operator in an eective action necessarily implies
that matter and antimatter propagate dierently through the gravitational medium. This
motivates the rst step in the description of our mechanism, which involves a study of the
propagation of matter and antimatter in at and curved backgrounds.
2.1 Propagation in translation invariant backgrounds
In this section, we show, in two dierent ways, that matter and antimatter must propagate
identically in translation invariant backgrounds. First, consider the transition amplitude
for a particle to propagate between x and x0:
fs(x
0; x) = h (x0); sj (x); si : (2.4)
Here,  (x0) and  (x) denote a particle at x and x0, and s labels helicity (spin) for massless
(massive) particles. The corresponding amplitude for antiparticles is
f cs (x
0; x) = h c(x0); sj c(x); si ; (2.5)
where the C superscript denotes charge conjugate states. CPT symmetry is realised by an
anti-unitary operator  in such a way that the inner product, represented by the bracket
notation, is preserved under the action of  on each argument, together with an overall
complex conjugation [17], i.e.,
h (x0); sj (x); si =  h (x0); sj ( j (x); si)	 : (2.6)
Since s is odd under CPT, we have  j (x); si = j c( x); si, and so, after complex
conjugating, we get
h (x0); sj (x); si = h c( x); sj c( x0); si  f c s( x; x0); (2.7)
where in the rhs, we used the denition (2.5). Finally, we invoke translation symmetry
which implies f c s(x0; x) = f c s(x0   x), i.e., the transition amplitudes are functions of the
{ 7 {
J
H
E
P
0
4
(
2
0
1
6
)
0
3
0
relative position of the two points. This means that f c s(x0; x) = f c s( x; x0) and hence,
from (2.7), that
fs(x
0; x) = f c s(x
0; x); (2.8)
establishing that the transition amplitude for a particle with spin/helicity s to go from x
to x0, is the same as the transition amplitude for an antiparticle with spin/helicity  s to
go from x to x0.
This is precisely the relevant statement for leptogenesis, since neutrinos (antineutrinos)
have positive (negative) helicity, and shows that neutrinos and antineutrinos propagate
identically in translation invariant backgrounds. Similarly, for massive particles, this would
mean that spin up (down) particles propagate the same as spin down (up) antiparticles
respectively, so that, averaging over spins, there is no dierence in propagation. Notice the
result (2.8) is non-perturbative and holds generically in any theory satisfying translation
invariance.
We now demonstrate this result explicitly in the see-saw model at the correlator level by
studying the lepton and antilepton propagators (including radiative corrections) given by
Sab(x
0; x0) = h`a(x0)`b(x)i ; Scab(x0; x) = h`ca(x0)`cb(x)i ; (2.9)
where the charge conjugate is given by ` = C(`)T and `c =  `TC 1, and the matrix
C satises C ()T C 1 =  . As before, remembering that the Dirac bra-ket notion
represents an inner product, the action of CPT on the propagator is
Sab(x
0; x) = h`a(x0)`b(x)i
= h `a(x0) 1  `b(x) 1i ; (2.10)
where
`(x0) 1 = 05C 1`c( x) `(x0) 1 = `c( x0)C50: (2.11)
After performing the overall complex conjugation and, with a little algebra, we arrive at
S(x0; x) = 5C[Sc( x; x0)]TC 15 : (2.12)
As before, translation symmetry allows us to write Sc(x0; x) = Sc(x0   x) and permits a
momentum space representation
Sc(x0; x) =
Z
dnp
(2)n
Sc(p) ip(x
0 x): (2.13)
Furthermore, by Lorentz symmetry we must have
Sc(p) = A(p2)=p+B(p
2); (2.14)
for some functions A and B, which in general will depend also on , M and M for
the full propagator. Inserting (2.14) and (2.13) into (2.9), we nd, after a little matrix
manipulation, that
S(x0; x) = Sc(x0; x): (2.15)
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Figure 5. Two loop diagrams in curved space which give (x0; x)  c(x0; x) 6= 0.
This reproduces the same result (2.8) at the level of correlators, showing that translational
invariance forbids a dierence in lepton and antilepton propagators. Notice that at the
correlator level, spin seems not to enter the proof. This is because, although spin is
exchanged under CPT, the eld operator is a superposition over spin states, so that the
ip in spin becomes absorbed into this sum.
As a consequence of the above results, there can be no asymmetric propagation of
matter and antimatter in at space. Conversely, when we relax the constraint of translation
invariance, as happens in general gravitational backgrounds, we should expect to see a
dierence in the propagation of matter and antimatter.
2.2 Propagation in curved backgrounds
As discussed in section 1.1, loop eects lead to a violation of the SEP, which forces lepton
propagators to become sensitive to a breaking of translational invariance by the back-
ground. Of course, to have a dierence in the propagation of leptons and antileptons, it is
necessary also to break C and CP violation, which is achieved via the complex phases in
i. We now demonstrate explicitly that when these three symmetries are broken, there
is a dierence in the propagation of matter and antimatter. We study this in terms of
the self-energies (x0; x) and c(x0; x) associated to the lepton and antilepton propagators
of (2.9).
At one loop (see gure 4), we immediately see (x0; x)  c(x0; x) = 0, with
i(x
0; x) = ci (x
0; x) =
X

yiiG(x
0; x)S(x0; x) ; (2.16)
since the couplings occur only in the combination (y)ij for which the diagonal elements
are manifestly real.
However, at two loops, there are two diagrams (gure 5) which give non-zero contribu-
tions to (x0; x) c(x0; x). For instance, in the case of the charge-violating heavy neutrino
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propagators (see section 1.1), the diagram on the left gives
i(x
0; x)  ci (x0; x)
=
X
; ; j
2iIm
h
yii
y
jj
i
G(x0; x)
Z
ddy
Z
ddz G(y; z)S[(x
0; y)Sj(y; z)S](z; x) ;
(2.17)
while the one on the right yields
i(x
0; x)  ci (x0; x)
=
X
; ; j
2iIm
h
yii
y
jj
i Z
ddy
Z
ddz G(y; x0)G(x; z)S[(x
0; y)Sj(y; z)S](z; x) :
(2.18)
Notice that we have antisymmetrised over  and  in the integral since Im
h
yii
y
jj
i
is antisymmetric in ; .
For the other type of heavy neutrino propagator, only the rst diagram exists (due to
SU(2)L charge considerations) and it has a dierent Yukawa index structure:
i(x
0; x)  ci (x0; x)
=
X
; ; j
2iIm
h
yii
y
jj
i
G(x0; x)
Z
ddy
Z
ddz G(y; z)S[(x
0; y)Sj(y; z)S](z; x):
(2.19)
As we see later, however, this does not contribute to the overall lepton number asymmetry.
It is now clear that eqs. (2.17), (2.18) and (2.19) are non-vanishing in curved spacetime.
We see, therefore, that at two loops, leptons and antileptons propagate dierently, due to
a breaking of translation invariance by a general background, which is probed by curved-
space Green functions, Sj(x; y), G(x; y) and S(x; y). In diagrammatic terms, this is how
the time dependence necessary to evade the theorems in section 2.1 arises in our mechanism
for leptogenesis. From a calculational point of view, the breaking of translation symmetry
causes the two-loop self-energy to become sensitive to the ordering of the sterile neutrinos,
N and N , within it, which are distinguishable by virtue of their non-degenerate masses
and provides an antisymmetric part to the Feynman integral.
Given the arguments of section 2.1, we must also nd that, if we restore translation
invariance by going to Minkowski space, the dierences (2.17){(2.19) will vanish. Indeed,
it is easy to check that by substituting at space propagators, the dierence in self-energies
is zero. For instance, substituting at space propagators into (2.18) gives (see (1.2))
(p;) c(p;)
=
X
;;j
2iIm
h
yii
y
jj
i

 Z
ddk
(2)n
Z
dd`
(2)n
1
(k p)2 m2H
1
(` p)2 m2H
M
k2 M2
=k+=` =p
(k+` p)2
M
`2 M2
 ($ )
!
= 0; (2.20)
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where, after a trivial relabeling of integration variables, the expression is easily seen to be
symmetric under interchange of M and M , and hence zero. A similar result holds for
the other diagrams.
We now show how this dierence in propagation manifests itself in the form of curva-
ture-dependent, C and CP violating operators in the eective action generated by the
diagrams in gure 5.
3 Eective eld theory | integrating out the sterile neutrinos
One of the most direct ways to study the propagation of particles in gravitational back-
grounds, and the eects of curvature on their dynamics, is to use eective eld the-
ory [16, 18, 19]. As discussed in the previous sections, the screening cloud surrounding
an interacting particle gives it an eective size, causing it to experience tidal forces. When
one integrates out the heavy sterile neutrinos, this phenomenon generates operators in the
eective action that couple particle elds to various curvature tensors, suppressed by a see-
saw scale cuto. The most general such action [16], constructed from a complete basis of
hermitian operators, is given to linear order in curvature and leading order in derivatives by
Le =
p g
"
`i =D`+ ia`

2R
D +
1
2
@R


`+ b@R `
`
+ ic`
 
2R =D + @R


`+ id`

2D2 =D +
1
4
@R


`
#
; (3.1)
where a; b; c; d are real, eective couplings, with mass dimension minus two, which will
depend on i and the masses M and M in the loops. There is one term in this eective
action which is of great importance for leptogenesis, and is the only C and CP violating
operator in (3.1), viz.
LCPV = b @R `` : (3.2)
A careful discussion of the action of C, P and T on this, and remaining operators appearing
in Le was given in [16].
The presence of a C and CP violating operator ensures that the second Sakharov
condition holds, namely that the complete theory contains C and CP violation, which is
provided here by the complex couplings i. In our model, this means that the operator
will be generated at the two-loop level, by precisely the same diagrams which lead to
asymmetric propagation of matter and antimatter, and will depend on the complex phases
contained in the Yukawa couplings i. In the next section, we show how integrating out
the heavy neutrinos from these diagrams gives an expression for the eective coupling b,
whose calculation we shall now describe in detail.
At this point, we should comment further on the range of validity of the eective
Lagrangian (3.1) in the context of leptogenesis. It is written to rst order in the curvatures,
so is valid for small values of the parameter R=M2, where R denotes a typical curvature
component while M is the heavy scale, provided here by the sterile neutrino masses. It is
also a low-energy Lagrangian, keeping only terms of leading order in derivatives. As shown
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Figure 6. The eective h vertex generated by LCPV where q = p0   p is the momentum transfer
between the ingoing and outgoing lepton.
in the series of papers [20{22] which discuss the realisation of causality and the energy
dependence of theories of this type, the relevant parameter here is E
p
R=M2, where E
denotes the lepton energy scale. Both these parameters are required to be small for the
validity of the eective Lagrangian. We return to this point in section 5, where we apply
the eective Lagrangian and chemical potential to the hot, early Universe where both E
and R are related to the temperature.
3.1 Matching
The calculation of the eective couplings in (3.1) is performed in the usual way, by matching
the fundamental UV-complete theory to the eective action at low energy. In particular,
the calculation can be reduced to the problem of evaluating a certain class of two-loop
Feynman diagrams, which we now describe. The rst step is to notice that the eective
couplings are independent of the choice of background, so that a judicious choice of metric
greatly simplies the computation. We shall pick a conformally at metric
g = 

2 = (1 + h) ; (3.3)
which is sucient to distinguish the various components of the eective Lagrangian (3.1).
In particular, since the Ricci tensor is given by
R =  @@h  1
2
@
2h+O(h2); (3.4)
we see that the eective couplings can be determined by working to linear order in h. For
instance, since R =  3@2
2, the contribution to the eective vertex from the operator
LCPV = b@R ``, is given by
LCPV =  3b
 
@@
2h

``+O(h2): (3.5)
We can then use the Minkowski background to dene a momentum space, over which h
is treated as a classical background eld. This gives a contribution from this operator of
the form
A(q) = 3ib(q2=q)h(q); (3.6)
which corresponds to the diagram in gure 6.
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Similarly we can expand the Lagrangian of the UV theory
L = LEW +
p g

Ni =DN + i `iN +
1
2
(N c)M N + h.c.

; (3.7)
to linear order in h. The computation is also simplied if we work with conformally rescaled
elds,
N ! 
 (n 1)=2N; `! 
 (n 1)=2`; ! 
 (n 2)=2: (3.8)
After conformal rescaling of the Lagrangian (3.7) and inserting the metric (3.3), gravity
enters only via the terms which violate conformal invariance, so that the 
-dependent
terms in the Lagrangian can be written as
L
 = 1
2

N cMN + 
2

m2H   6

   1
6


 3@2


y + 
 (n 4)=2i `iN
= Oh+O(h2); (3.9)
where the Higgs Lagrangian includes the Ricci coupling Ry. Expanding to linear order
in h, we have
Oh = 1
4
hMNN c + h.c. +

m2Hh  3

   1
6

@2h

y   (n  4)
4
hi `iN: (3.10)
In this way, gravity manifests itself in the form of a classical background eld h, so that
the two-loop diagrams can be expanded to linear order in h by appropriate insertion of h
according to the operators in (3.10). This reduces the problem to the evaluation of at
space 3-point Feynman diagrams, with two external fermion legs and a classical eld h.
For the case of h couplings to the heavy neutrinos via their mass term, the corre-
sponding diagrams are shown in gure 7. Suppose that the h insertion is made into the
N propagator. Recalling that only the diagrams with both propagators of the charge-
violating type contribute to leptogenesis, the N propagator must be of the type S


in (1.2). Then, given the two terms in (3.10) for the coupling of h to the sterile neutrinos,
viz. 14hM
 
NN c +N cN

, we see that with this condition the N line receives contributions
from both SS
c
 and S

 S

 . Finally, we use S
c
 = S in at space. This establishes the
form of the diagrams to be calculated in the following section.
The eective couplings can be computed by matching the transition matrix elements
h `(p0) j Oh j `(p) i for small external momenta to the eective amplitudes such as (3.6) (see
in particular [16, 19], as well as [18, 23{25], for more details). The general form of this
object is
h `i(p0) j Oh j `i(p) i = =p

1p
2 + 2(p  q) + 3q2

+ =q

1p
2 + 2(p  q) + 3q2

(3.11)
where q = p0 p is the momentum transfer, and i and i are in general complex coecients,
which depend on the Yukawa couplings and the masses in the loop. From (3.6), we see that
the coecient b can be read o as b = 1=3 Im(3), which in turn only depends on the value
of the momentum transfer q. Hence, for the purposes of calculating the operator (3.2), we
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Figure 7. Contributions to h `(p0) j Oh j `(p) i from the heavy neutrino mass term 12h NMN c. The
crosses denote the S sterile neutrino propagator, while on the lines with h insertions there are
contributions SS and S

 S

 corresponding to each propagator type.
can set p = 0 in the remainder of our calculations, so that the amplitudes are functions of
a single momentum q, with p0 = q. The transition amplitude is thus given by
h `i(q) j Oh j `i(0) i =
X
; ; j
yii
y
jj f(q
;M;M)
= iq2=q h(q)
X
; ; j
Im
h
yii
y
jj
i
MM
I[] +    ; (3.12)
where +    represents terms which do not contribute to (3.6). The factor I = I(M;M)
depends on the masses of the sterile neutrinos. It can be determined by performing a
momentum expansion of f(q;M;M), in the limit  q2  M;M , where f is directly
determined from the evaluation of the three-point Feynman diagrams in gure 7. In this
sense, the see-saw scale becomes the UV cut-o for our eective theory. Matching the
eective amplitude (3.6) to (3.12) we nd that
LCPV = @R `i`i
X
; ; j
Im
h
yii
y
jj
i
3MM
I[]: (3.13)
In this way, we have shown how this operator arises simply from curved space QFT con-
siderations, without the need to postulate new gravitational interactions arising from some
unspecied, more fundamental theory.
We shall describe the relevant calculations for I shortly, but our key nding, which
we state now for continuity, is that the size of the loop eects contributing to leptogenesis
may be enhanced by increasing the hierarchy between M and M . Specically, we nd
that keeping M xed, the propagator correction diagrams (1) and (2) are suppressed for a
large ratio  = M=M, whereas the vertex correction diagrams grow linearly with . For
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Figure 8. The hierarchy enhancement of loop eects, with M xed. The curves show I^
(n)
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;] =
(4)4jI(n)[;]j= plotted as a function of the heavy sterile neutrino mass ratio  = M=M.
instance, we nd that the loop contribution from the vertex correction diagram (3) gives
I
(3)
[]
MM
'  3
8
1
(4)4
1
M2
   M
M
 1; (3.14)
while for the propagator correction diagrams (1) and (2) we have
I
(1)
[]
MM
'   5
16
1
(4)4
1
M2
1

;
I
(2)
[]
MM
'   1
24
1
(4)4
1
M2
ln()

; (3.15)
in the same limit. This behaviour is plotted in gure 8.
The necessary 2-loop calculations, even in the low-momentum limit, are not simple, and
considerable care must be taken in particular to deal with the various massless thresholds
which arise. Note that it is only the terms of O(q2=q) which contribute to the local eective
Lagrangian (3.5). We also encounter non-analytic terms involving ln( q2), which are to
be interpreted as non-local contributions to the eective action. While such terms are of
considerable importance in their own right and encode important information about the
long-range interactions in the theory [24, 25], they do not aect the leptogenesis mechanism
of interest to us here. Full details of these calculations are presented in the next section.
The reader interested primarily in the implications for cosmology may at this point jump
ahead directly to section 5, where the consequences for leptogenesis are discussed.
4 Feynman diagram calculations
We now describe the calculation of the two-loop self-energy diagrams diagrams shown in
gure 7. Diagrams (1){(3) can be evaluated by rst evaluating the one-loop propagator or
vertex sub-diagrams, which in these cases are relatively simple, then inserting into the full
self-energy diagrams. However, the sub-diagram for (4) is of a non-trivial triangle type [26]
and here the whole diagram must be dealt with in a dierent way.
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(k) is shown in bold and we sum over the two kinds of sterile neutrino propagators which can be
inserted at the h vertex.
4.1 Sterile neutrino couplings
First, we describe the diagrams where the gravitational eld h couples to the heavy sterile
neutrino propagators.
Diagram (1). This diagram gives
f (1)(q;M;M) =
M
2
Z
ddk
(2)d
Z
dd`
(2)d
G(k)

S(k+q)S(k)+S

 (k+q)S

 (k)

(k)S (k);
(4.1)
where (k) is the massless sub-diagram shown in bold in gure 9:
(k) =
Z
dd`
(2)d
G(k   `)S(`): (4.2)
It is easily evaluated to give
(k) =
i=k
(4)2

1
2
ln

 k
2
2

  1

; (4.3)
where  is an RG scale, and we used MS when removing the pole. One can then re-insert
this into the main diagram to nd f (1)(q;M;M), which can be written as a momentum
expansion in q. The details of this expansion and the techniques necessary to evaluate the
full diagram are described in the appendix. One can then read o the contribution to I
and its dependence on the masses M and M . For this diagram, we nd a contribution
to I given by
I
(1)
 =
1
24(4)4(x  1)5

24x ln(x)
 
x2 + x  1 ln 2
M2

+ x

+ 2(x  1)(x(x((x  5)x  19) + 7) + 4) ln

2
M2

  12  x2 + x  1x ln2 x  3x5 + 28x4   54x3 + 41x  12
(4.4)
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cut (shown in red) through the massless Higgs and lepton lines, across which the momentum q
ows.
where
x = 2 =
M2
M2
: (4.5)
The large x behaviour for the antisymmetric part, choosing the RG scale  = M, is
therefore given by
I
(1)
[;] '  
5
16
1
(4)4
+O

ln2 x
x

; x 1 ; (4.6)
as quoted in (3.15).
Diagram (2). This diagram contains a zero-mass threshold [27{29] as shown by the cut
in gure 10. As a result, the diagram has a discontinuity at q2 = 0 and a branch cut
represented by the appearance of ln

 q2
M2

in the expansion for f (2)(q;M;M). We nd
f (2)(q;M;M) =
=q
MM

I
(2)
  
1
24
ln

  q
2
M2

q2 +    ; (4.7)
with I
(2)
 given by
I
(2)
 =
1
144(4)4(x  1)5

6 ln

2
M2
 
2x5   11x4 + 28x3   20x2   12x2 ln(x) + 2x  1
+ 16x5   119x4 + 88x3   34x2 + 36x2 ln2(x)
  6  x4   6x3   6x2   10x  3x ln(x) + 56x  7 : (4.8)
In the large hierarchy limit, the antisymmetric part in this case is
I
(2)
[;] '  
1
48
lnx
(4)4
+O(1); x 1 : (4.9)
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Diagram (3). As before, the relevant subdiagram is shown in bold (gure 11).
Although this sub-diagram is of the triangle type [26] which, in general, gives a lengthy
answer, since there is only one momentum owing into it, and since it contains only one
mass, the expression is relatively simple:
 (k) =
i=k
(4)2M
("
M4
k4
  M
2

k2
#
ln
 
M2   k2
M2
!
  M
2

k2
  1
2
ln
 
k2  M2
k2
!)
: (4.10)
Substituting this into the main diagram, one can evaluate the remaining k integral following
the procedure described in the appendix. There are no branch cuts in this diagram, and
hence no ln( q2) terms. The nal contribution is
I
(3)
 =
1
48(4)4(x 1)4

 24(x 1)4(2x+1)xLi2

1
x

+30x5 67x4 16x3+153x2
+2x
 
24x4 71x3+58x2+4x+12(2x+1)(x 1)4ln(x 1) 24ln(x)
 122x 24(x 1)4(2x+1)xln2(x)+22

: (4.11)
We are now in a position to derive the result (3.14). After antisymmetrisation, we nd
that the asymptotic behaviour of this diagram is given by
I
(3)
[] '  
3
8
x
(4)4
+O(lnx); x 1: (4.12)
Diagram (4). The amplitude for this process is given by
f (4)(q;M;M) =
M
2
Z
ddk
(2)d
Z
dd`
(2)d
M(=k+=`)[M
2
+=k(=k =q)]
k2[k2 M2 ]`2[(k+`)2][(k q)2 M2 ][(`+q)2 M2]
;
(4.13)
and corresponds to the diagram in gure 12.
For this amplitude, the sub-diagram (shown in bold) is also of the triangle type. How-
ever in this instance it depends on two momenta, rather than just one. This vastly com-
plicates the form of the sub-diagram, which is worthy of a separate analysis [26] in its own
right. Furthermore, the overall diagram contains a branch cut, shown in red. Not only
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Figure 13. Self-energy diagrams resulting from partial fractioning.
that, but the complicated sub-diagram has to be substituted into the remaining momentum
integral. Since we only require a momentum expansion, we shall proceed in a dierent way
from the previous diagrams. First, we notice that we can use partial fractions to write
1
k2
 1
k2  M2
=   1
M2
 
1
k2
  1
k2  M2
!
(4.14)
which allows the diagram to be written as the dierence of two self-energies of the types
shown in gure 13. This allows us to write
f (4)(q;M;M) =   1
M2
[f1(q;M;M)  f2(q;M;M)] : (4.15)
This class of diagrams has been extensively studied in the literature [27{31]. The rst step
is to simplify the gamma matrix expression in the numerator and write as far as possible
as a sum of terms appearing in the propagator denominators. This allows the full diagram
to be written as a sum of scalar diagrams with a smaller number of propagators, as shown
below. Some of these are UV divergent, but the poles are all spurious, in the sense that
their sum must be nite, as the overall diagram (4) contains no divergences. For instance,
in the case of f1, we nd the diagram decomposes as
f1 =
=q
2
"
1
2q2
M
M
(J(0;1;1;1;0)  J(0;1;1;0;1)  J(0;0;1;1;1) + J( 1;1;1;1;1))
+
M
M
 
M2 +M
2

2q2
  1
2
!
J(0;1;1;1;1) +
M
2M
J(1;0;1;1;1)  M
2M
J(1;1;0;1;1)
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MM
q2
[J(1;1;1;1;0) + J(0;1;1;1;1)]
+
 
(M2 +M
2
)
q2
+
1
2
!
MMJ(1;1;1;1;1)
#
; (4.16)
where
J(1; 2; 3; 4; 5)
=
Z
ddk1
(2)d
Z
ddk2
(2)d
1
[k21  M2 ]1

k22
2 [(k1 + k2)2]3 [(k1   q)2]4 [(k2 + q)2  M2]5 :
(4.17)
The corresponding diagrams are given in gure 14. Not all these diagrams give a =qq2
contribution. Firstly, we note that diagram 2 is zero, since it contains a massless bubble,
which vanishes in dimensional regularisation. Futhermore, diagram 3 has no q dependence,
and so does not contribute to q2=q. We also see that last 2 lines of (4.16) give contributions
which are symmetric under interchange of  and , and so do not contribute to I[].
Hence there are only 5 diagrams which contribute: 1, 4, 5, 6 and 7. Diagrams 1 and 5 were
computed by Scharf and Tausk [30] and yield4
J(0; 1; 1; 1; 0) =   1
(4)4

1
4
  13
8
+
1
2

 + ln
  q2
42

: (4.18)
J(0; 1; 1; 1; 1) =   1
(4)4

1
22
+
1
2

5  2L   2

1 +Q
Q

ln(1 +Q)

+
19
2
+
3
2
(2) + L2   L

5  2

1 +Q
Q

ln(1 +Q)

  ln (Q) +

1 +Q
Q
n
2Li2( Q) + ln2(1 +Q)
+ ln(Q) ln(1 +Q)  4 ln(1 +Q)
o
: (4.19)
where
Q =   q
2
M2
; L =  + ln

M2
42

; d = 4  2: (4.20)
The corresponding result for J(1; 1; 1; 1; 0) is given by replacing M with M . We also
nd that
J(1; 0; 1; 1; 1) =   1
(4)4

  Q
2x
1

+
Q
6(x  1)x2

3x2L   9x2   3xL   6xLi2(1  b)
+ 6Li2(1  x) + 2x+ 9x  3x lnx  2

+O

q4
M4

(4.21)
and
J(1; 1; 0; 1; 1) = K(q2;M)K(q
2;M) (4.22)
4In the notation of [30] corresponds to T1234(q
2;M2; 0; 0; 0) of equation (96).
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Figure 14. The scalar topologies for f1. The dashed lines now generically denote massless propa-
gators, and so can correspond to both Higgs and lepton lines.
where
K(q2;M) =
1

  LM + 2 + ln

M2
M2   `2

  M
2
`2
ln

M2
M2   `2

(4.23)
we also have
J( 1; 1; 1; 1; 1) = I + (q2  M2)J(0; 1; 1; 1; 1) (4.24)
where
I =
M2
(4)4

1
9
Q2(4  3 ln(Q))  1
96
Q
 
24L2m   84Lm + 102 + 105

+O

q6
M6

: (4.25)
Putting all this together, we nd a total contribution to I(4) from f1 of the the form
f1(q;M;M) =
=qq2
MM
F
(1)
[] +    ; (4.26)
where
F
(1)
[] =
1
48(4)4x2

6x4Li2

x  1
x

  6Li2(1  x)  2x4 + 12x3
+ 3x3 ln(x) + 3x2 ln(x)  12x+ 3x ln(x) + 2

: (4.27)
It has the asymptotic behaviour (characterised by  = M=M)
F
(1)
[]
MM
'  1
8
1
(4)4
1
M2
 ln ;   1; (4.28)
as can be seen from the plot in gure 15 below.
For the other self-energy in gure 13, which contains no branch cuts, one could in
principle carry out the same calculation. One begins by reducing the main diagram to a
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Figure 15. The hierarchy enhancement of loop eects from the f1 term, with M xed. As in
gure 8, we have taken out an overall factor 1=(4)4.
sum of scalar integrals (gure 16), which gives a tensor decomposition into scalar integrals
of the form
f2 = =q
M
M
"
1
2q2

K(0;1;1;1;0) K(0;1;1;0;1) K(0;0;1;1;1)+K( 1;1;1;1;1)

+
"
2M2+M
2

2q2
 1
2
#
K(0;1;1;1;1)+
"
1
2
 M
2

q2
#
K(1;0;1;1;1) 1
2
K(1;1;0;1;1)
 M
2

q2
K(1;1;1;0;1)+
M2
q2
K(1;1;1;1;0)+
 
 M
2

2
+
M2M
2

q2
!
K(1;1;1;1;1)
#
;
(4.29)
where now
K(1;2;3;4;5)
=
Z
ddk1
(2)d
Z
ddk2
(2)d
1
[k21 M2 ]1 [k22 M2 ]2 [(k1+k2)2]3 [(k1 q)2]4 [(k2+q)2 M2]5
:
(4.30)
At this point, recall that we are mainly interested in diagrams which give the dominant
asymptotic behaviour. By power counting in (4.29) and the diagrams in gure 16, one can
see that only some of the diagrams (shown in bold) have the potential to give an asymptotic
behaviour capable of competing with (4.28) or (4.12).
However, the asymptotic behaviour of these diagrams can be seen to be no stronger
than in the previous calculations. The way to see this is to note that since none of them
contains branch cuts, each one is analytic in q2 and, as explained in [31], can be Taylor
expanded before performing any momentum integrations, (see (2.6) therein). Each Taylor
expansion can be written as a sum of 3-mass vacuum diagrams, each of which is given
in terms of hypergeometric functions, as in (4.3) of [31]. One can then power count the
masses M and M in these formulae for each of the diagrams 4, 5, 6, 7 and 10. Carrying
out this procedure, we found that in both limits M M and M M , the asymptotic
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Figure 17. Contributions from Yukawa insertions.
behaviour is never stronger than in our previous calculations. As a result, we see that the
dominant behaviour is essentially linear (up to an overall log(M=M) factor).
4.2 Yukawa couplings
The contribution from the h coupling to the Yukawa intercation in (3.10) is proportional
to (n  4), and so only contributes in diagrams which produce poles 1=(n  4). The vertex
correction diagram is UV nite, and so the only source of UV divergences comes from the
propagator correction amplitude, via its one-loop sub-graph. In fact, for the purpose of
calculating the antisymmetric quantity I[], only two graviton insertions in the propagator
correction diagram contribute. They are shown in gure 17.
Notice that we do not calculate the contributions from Yukawa insertions on the out-
ermost vertices. The reason for this is that an insertion on the vertex of the outgoing
lepton carries momentum q in and straight back out again, so that the diagram has no q
dependence. Similarly, the insertion of h on the vertex of the incoming lepton gives only a
symmetric contribution to I . Moreover, in this case, the divergences in the sub-diagram
are removed by renormalization counterterms in the corresponding one-loop diagrams.
Hence, the only diagrams of interest are the two shown above. They give a contribution
I[] =  
1
48
1 + x
(1  x)4

(1  x)(1 + 10x+ x2) + 6x(1 + x) lnx
'   1
48
+O

lnx
x

; (4.31)
for large x. Clearly, this contribution is sub-dominant compared with our previous results.
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4.3 Higgs couplings
If we consider a conformally-coupled Higgs Lagrangian with  = 1=6, then from (3.10)
the only h couplings to the Higgs propagators are proportional to the mass m2H. These
contributions will therefore be highly suppressed relative to the insertions on the sterile
neutrino propagators. For a non-conformal Higgs coupling, (3.10) shows there are further h
insertions proportional to
 
   16

@2h. These have the potential to contribute in a similar
way to the Yukawa terms discussed above, but power counting arguments suggest that they
will again only give rise to sub-dominant contributions for large x.
5 Leptogenesis and baryogenesis
It is now clear how the mechanism of radiatively-induced gravitational leptogenesis emerges
in this see-saw model. First, matter and antimatter propagate dierently by virtue of the
breaking of time-translational invariance by the gravitational background, together with CP
violation from the phases of the complex Yukawa couplings. Both of these are radiatively-
induced features which arise at two loops, as discussed in section 1.1. This is manifest
in the dierence of the matter and antimatter self-energies, i.e. (x; x0) 6= c(x; x0). This
bias in the dynamics of matter and antimatter is reected in the particular operator (1.5),
whose eective coupling constant depends on the imaginary part of the Yukawa couplings
and on the sterile neutrino masses via the quantity I , which is determined by the two-
loop self-energy diagrams for the light leptons. Naturally, these are the same diagrams
(gures 5 and 7) which lead to distinct matter and antimatter propagation.
5.1 Lepton asymmetry in a radiation-dominated FRW background
We now show how the lepton asymmetry arises in the simplest possible model, where the
background is a radiation-dominated FRW spacetime at temperature T . The coupling
in (1.5) then acts as an eective chemical potential, so that in the thermal background of
the hot early Universe, the equilibrium distributions of the light leptons and antileptons
are dierent, giving rise to a net lepton number as shown in (1.5){(1.7). We therefore nd
the lepton-to-photon ratio YL in equilibrium is given by
YL ' 
2 _R
2(3)T
X
; ; j;i
Im
h
yii
y
jj
i
18MM
I[;](); (5.1)
where we have used the photon density n = 2(3)T
3=2.
We can trace the origin of each term in (5.1) back to the fundamental principles set out
in the introduction. First, _R arises due to the breaking of time-translation symmetry by
the background geometry, the factor I[;]()=MM describes the dependence of the loops
on the sterile neutrino mass hierachy, while Im
h
yii
y
jj
i
arises from the breaking of
C and CP symmetry.
At this point, we can also see why the diagrams containing charge-conserving sterile
neutrino propagators do not contribute. (See section 2.1, especially expression (2.19) for
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the relevant self-energy diagram.) Since in this case the contribution from the vertices ish
yii
y
jj
i
, summing over all generations gives n(L) n(Lc)/P;Im(y)(y)
J [], for some loop factor J . However, Im

(y)(y)

=Im
h
j y

j2
i
=0, and
so the total lepton asymmetry from these diagrams is zero.
Now, the Ricci scalar in a FRW universe dominated by matter with equation of state
parameter w satises
R =  (1  3w) 
M2p
; _R =
p
3(1  3w)(1 + w)
3=2
M3p
; (5.2)
where Mp is the reduced Planck mass, the expression for _R following from the conserva-
tion and Friedmann equations. For the classically conformal invariant case of radiation
dominance, w = 1=3. At the quantum level, however, the energy-momentum tensor has
a trace anomaly and the factor (1   3w) acquires a contribution from the beta functions
characterising the particle content of the theory [11]. Below, we take 1   3w ' 0:1. Since
for radiation,  = T 4 with  = 2g=30, where g counts the eective degrees of freedom,
we nd the time derivative of the curvature at temperature T is
_R =
p
33=2(1  3w)(1 + w) T
6
M3p
: (5.3)
Substituting back into (5.1) we nd
YL '
p
323=2(1  3w)(1 + w)
36(3)
T 5
M3p
X
; ; j;i
Im
h
yii
y
jj
i
MM
I[;](): (5.4)
At this point, we can return to the discussion of the validity of the eective Lagrangian
in section 3. Using the expression (5.2) for the curvature, the weak gravitational eld and
low-energy conditions can be re-expressed in terms of the temperature as
T 2
M1Mp
 1; T
3
M21Mp
 1 ; (5.5)
respectively, where we have taken the typical lepton energy as E  T and M1 as the
sterile neutrino mass. These will clearly be satised in the region of interest, T M1 and
T Mp. This means that the prediction (5.4) calculated from the eective Lagrangian is
valid provided the temperature factor  T 5=M21M3p in YL is small, which is certainly the
case observationally.
5.2 Towards leptogenesis and baryogenesis
Finally, we discuss briey how this non-vanishing equilibrium lepton asymmetry may play
a ro^le in determining the baryon-to-photon ratio B of the Universe. We assume a standard
leptogenesis scenario in which a lepton asymmetry established at relatively high tempera-
ture in a radiation-dominated FRW universe can subsequently be transformed into a baryon
asymmetry by the conventional sphaleron mechanism [5] (see [7] for a summary) when the
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Figure 18. The curves show the values of z = M1=T and M1 which give a lepton-to-photon ratio
YL = 3  10 8 in the observationally important range, for various values of the mass hierarchy
parameter .
temperature has dropped below the usual sphaleron scale  1012 GeV. From the observed
value B ' 6 10 10, we infer the corresponding ratio YL ' 3 10 8.5
To get an initial orientation on the relevant orders of magnitude, assume the sterile
neutrino masses satisfy M1  M2  M3. The expression (5.4) is then dominated by the
loop diagrams with the largest mass hierarchy, i.e., those containing M1 and M3, which give
I[13] ' 2 log 2=(4)4, where  = M3=M1. It is also convenient to introduce the standard
parameter z = M1=T . This gives our key result (5.4) in the form
YL ' 213 sin 
 ln 2
z5

M1
Mp
3 "p33=22(1  3w)(1 + w)
36(3)(4)2
#
; (5.6)
where 13 =
(y)13 =(4) is the appropriate coupling constant, and  = Arg[(y)213]
quanties the size of CP violation. In the numerical estimate below, we take 13 ' 0:8
and sin  ' 1. Inserting these values, together with (1   3w) = 0:1, g = 106:75 and
Mp = 2:4  1018 GeV, we obtain the following expression for the equilibrium lepton-to-
photon ratio at temperature T :
YL ' 4:4 10 3  ln 
2
z5

M1
Mp
3
: (5.7)
In gure 18, we plot contours with YL = 3  10 8 in the z;M1 plane for dierent
values of the hierarchy parameter . This shows that the gravitationally-induced lepton
asymmetry is indeed of the order of magnitude necessary to play a ro^le in determining
5Here we have used the relation
YB = CsphYB L =
Csph
1  Csph YL ;
with Csph = 28=79 in the standard model, and included the standard factor f = 2387=86 to account for the
production of photons from the leptogenesis scale to CMB formation [8].
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the observed baryon-to-photon ratio, with sterile neutrino masses and temperatures in the
GUT range  1016 GeV.
In the see-saw model, which we have used here to illustrate the radiatively-induced
gravitational mechanism, the sterile neutrino masses and hierarchy determine the light
neutrino mass spectrum and these values correspond to neutrino masses of the order of a
few 10 3 eV, putting them in the lower end of the range allowed by solar and atmospheric
neutrino data [7]. Notice, however, that the fundamental gravitational eect, which gives
rise to the chemical potential   _R=M21 , is in general actually favoured by lower sterile
neutrino masses. The relatively high mass parameters discussed above are being driven by
the assumption that the relevant temperatures at which the lepton asymmetry freezes out
are z & 1.
If we consider the model in the context of the exit from ination, then, as discussed
in [11], this decoupling temperature must satisfy T . TRH . V 1=4, where TRH is the
reheat temperature and V 1=4 gives the inationary scale. We would therefore require an
inationary scale of the order of the GUT scale, with the lepton asymmetry freezing out
at high temperatures near the beginning of radiation dominance. This corresponds to a
value of the tensor-to-scalar ratio r (characterising the strength of the gravitational waves
produced by ination) to be close to the current upper bound rmax = 0:07 [34].
The simplest scenario, implicit in the discussion above, is that the lepton asymmetry
freezes out at its equilibrium value when the reaction rates for the lepton-number violating
reactions, which maintain the leptons and antileptons in thermal equilibrium with the
asymmetry (5.4), fall below the Hubble expansion parameter. Of course, this is a very
crude rst approximation. In general, nding the physically realised lepton asymmetry in
this model will depend on a detailed dynamical analysis of all the simultaneous reactions
and decays taking place around the critical scale T ' M1. This would involve a full
treatment of the coupled Boltzmann equations, taking into account initial abundances,
inverse decays, and L = 1 and L = 2 scattering rates. This is essential to determine
how closely the actual lepton asymmetry is tracking its equilibrium value at the point of
freeze-out. We also need to include near-resonant production of the sterile neutrinos and
their out-of-equilibrium decays, since in this model the original leptogenesis mechanism
described in section 1.1 is simultaneously active.
This complete analysis of the kinetic theory of the model in its cosmological setting
is currently under investigation and will be presented elsewhere. Here, our motivation has
been simply to demonstrate that the new mechanism of radiatively-induced gravitational
leptogenesis can produce asymmetries of the required order of magnitude to account for,
or certainly play an important ro^le in determining, the observed baryon-to-photon ratio in
the Universe.
6 Outlook
In this paper, we have presented a new mechanism for leptogenesis and baryogenesis in
which the matter-antimatter asymmetry is generated by gravitational couplings induced
by quantum loop eects in curved spacetime. In this mechanism, the Sakharov conditions
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are realised as follows. The rst occurs in the usual way for leptogenesis through lepton
number violating reactions mediated by heavy BSM particles. C and CP violation can arise
from complex phases in the coupling of the light leptons to these heavy states. The time
dependence necessary, in the spirit of the third Sakharov condition, for generating a matter-
antimatter asymmetry arises not by the traditional mechanism of out-of-equilibrium decays
of the BSM particles, but through the direct CP and SEP-violating coupling of quantum
loops to the time-dependent gravitational eld in the expanding Universe. In this scenario,
the heavy BSM states contribute only as virtual particles to the self-energy cloud screening
the light leptons. The lepton number asymmetry is then transferred to a baryon asymmetry
via the usual sphaleron mechanism.
Specically, we showed in the context of the see-saw model how the virtual sterile
neutrinos in the two-loop self-energy contributions to the light lepton propagators allow
the leptons to become sensitive to the time-dependent dynamics of the gravitational back-
ground and to the C and CP violation in the BSM Lagrangian. This curvature coupling
breaks the strong equivalence principle and allows particles to propagate dierently; the
sensitivity to CP violation then allows a distinction between the dispersion relations for
leptons and antileptons. This eect induces an eective chemical potential, which modies
the equilibrium distributions of leptons and antileptons and allows a lepton number asym-
metry to be maintained in the thermal quasi-equilibrium characterising the early radiation-
dominated Universe. Remarkably for an intrinsically QFT eect in curved spacetime, this
eect is suciently strong to play a ro^le in determining the observed baryon-to-photon
ratio. This is because, although the loop eects we have calculated are necessarily very
small, they are the leading symmetry-breaking contribution to a quantity which would
otherwise be zero by translation invariance.6
From our detailed calculations of the two-loop Feynman diagrams in the see-saw model,
we made the important observation that that the size of the lepton (baryon) asymmetry
grows linearly with the mass hierarchy  = M=M of the sterile neutrinos, and identied
the class of diagrams giving rise to this enhancement. It would be interesting to develop a
deeper understanding of this feature. For instance, is there an a priori reason why some
diagrams such as the vertex correction (3) exhibit a hierarchy enhancement, whilst others
such as the propagator-correction diagrams (1) and (2) do not? This would provide some
insight into why we never observe anything stronger than linear hierarchy enhancement
| clearly it would be of great interest for phenomenology if we found variations of the
model in which the analogue of I scales as I  4 or stronger. This could signicantly
extend the range of parameter values for which this type of see-saw model could generate
a sizeable lepton asymmetry through our mechanism, for example reducing the scale M1
of the lightest sterile neutrino.
This work suggests many areas for further investigation. The most immediate is to em-
bed the mechanism into a detailed study of lepton number generation in the early radiation-
dominated Universe, taking into account the interplay between the conventional out-of-
6Another well-known example where curved spacetime QFT eects are important in cosmology is the
study of quantum uctuations in the inationary phase of the Universe, which can be indirectly probed by
CMB measurements.
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equilibrium decays of on-shell sterile neutrinos and our new mechanism of radiatively-
induced gravitational leptogenesis. This will involve a full analysis of the temperature-
dependent, kinetic aspects of the evolution, including coupled Boltzmann equations, reac-
tion rates and freeze-out temperatures as the Universe cools. An interesting question is
to determine whether one mechanism dominates over the other for particular parameter
ranges in the fundamental BSM theory.
It is important to emphasise, however, that the leptogenesis mechanism we are propos-
ing is far more general than its realisation in the particular see-saw model presented in this
paper. It will arise notably in generic BSM theories exhibiting C and CP violation at a
high energy scale. The main condition is that since this is a gravitational leptogenesis
mechanism, the matter-antimatter asymmetry must be generated at a suciently early
time (around the GUT scale) that the curvature of the Universe is still strong enough
to produce the observed baryon-to-photon ratio. Since this scale is also characteristic of
the temperatures at the end of ination, it will be interesting to look at scenarios where
our mechanism is embedded into inationary models.7 In principle, it can also be ap-
plied directly to the generation of a baryon asymmetry through a radiatively-generated
gravitational coupling to the baryon number current.
On the theory side, the central idea underlying our mechanism is that in the presence
of a time-varying gravitational eld, matter and antimatter in a C and CP-violating theory
propagate dierently at loop level. In this paper, we translated this fundamental observa-
tion into a mechanism for leptogenesis by rst using the eective Lagrangian formalism to
identify the relevant operator (1.5), then interpreting its coupling as a chemical potential
which changes the dispersion relations and induces a dierence in the equilibrium distri-
butions for matter and antimatter. We showed that this operator arises naturally through
radiative corrections in curved spacetime, without the need to appeal to an as yet un-
known theory of quantum gravity. While this approach is justied in the early, GUT-scale
Universe, where the traditional quasi-equilibrium approach to kinetic theory is a good ap-
proximation, from a theoretical perspective, we would like to develop a more fundamental
analysis. An ideal strategy would be to describe the lepton (baryon) asymmetry directly
from the self-energies (x; x0), which should be treated within a real-time, non-equilibrium,
curved spacetime framework to calculate the time evolution of the lepton (baryon) number.
This would provide a theoretically rigorous, real-time formulation of radiatively-induced
gravitational leptogenesis.
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A Techniques for evaluating the self-energy diagrams
In this appendix, we demonstrate some of the techniques used for evaluating the Feynman
diagrams in section 4. For instance, in the case of diagram (1), after inserting the sub-
diagram into the remaining momentum integral, we have
f (1) =
M
2(4)2
Z
ddk
(2)d

(=k + =q)=k +M2

=k
k2[(k + q)2  M2][k2  M2][k2  M2 ]

1  1
2
ln
 k2
2

: (A.1)
The constant term from (k) can be evaluated in the usual way, by manipulation of the
numerator and introduction of Feynman parameters. The logarithmic term, however, is
more subtle, but can be dealt with by noting we can write
ln
 k2
2

= lim
s!0
d
ds

( 2)s
[k2]s

: (A.2)
This trick can be employed for any other logarithmic term generated by a sub-diagram.
This reduces the calculation to the evaluation of a Feynman integral containing a denomi-
nator factor raised to an arbitrary power s, viz.
I(s)  M
2(4)2
Z
ddk
(2)d

(=k + =q)=k +M2

=k
k2[(k + q)2  M2][k2  M2][k2  M2 ][k2]s
; (A.3)
which can then be dierentiated with respect to s after performing the momentum inte-
gration. First, we note that the numerator can be rewritten as
(=k + =q)=k +M
2
 = (=k + =q)(k
2  M2) + (2=k + =q)M2; (A.4)
allowing us to cancel the numerator factor (k2  M2) against a denominator, so that I(s)
splits into two simpler integrals. For instance, the second term gives a contribution
I(s) =
Z
ddk
(2)d
(2=k + =q)( 2)s
[k2][(k + q)2  M2][k2  M2][k2  M2 ][k2]s
; (A.5)
from which we need only the O(s) term in accordance with (A.2). After introducing
Feynman parameters, we get
I(s) =
=q
(4)2

2
M2
s
s
M2
Z 1
0
dy
Z 1 y
0
dw
Z 1 y w
0
dz
ws 1(y   1)
[Qy(1  y) + y + zb]1+s ; (A.6)
where
Q =  q2=M2; b = M2=M2: (A.7)
Performing the z and then w integrals gives an answer in terms of incomplete Beta func-
tions:
I(s) =
=q
(4)2

2
M2
s
1
M2
Z 1
0
dy (1  y)

1
bs
B

b(1  y)
Qy(1  y) + y + z(1  y   w) ; s; 1  s

 1
s
(1  y)s
[Qy(1  y) + y]s

: (A.8)
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Using the Taylor series for the incomplete beta function, we nd the s expansion gives
B[x; s; 1  s] = 1
s
+ ln(x) + s

1
2
ln2(x) + Li2(x)

+O(s2): (A.9)
Notice that poles in s cancel between the Beta function and the second term in f: : :g.
Taking the term linear in s gives
lim
s!0
dI(s)
ds
=
=q
(4)2
1
M2
Z 1
0
dy (1  y)
(
1
2
ln2
 
2
M2
!
+ ln

(1  y)b
A

ln(L)
+
1
2
ln2

(1  y)b
A

+ Li2

(1  y)b
A

  1
2
ln2

(1  y)
Qy(1  y) + y
)
; (A.10)
where
A = Qy(1  y) + y + (1  y)b: (A.11)
A full expression for the remaining y integration is too lengthy to write down here. However,
each of the terms in the integrand is analytic in q for all y in the integration range, provided
 q2  M2;M2 , and so the integrand can be analytically expanded in powers of q2=M2
prior to performing the y integral. This is a reection of the fact this diagram contains no
branch cuts, i.e., no zero-mass thresholds, and thus has no log
  q2=M2 terms. Expanding
in  q2=M2, and then performing the y integral, we nd an answer of the form
lim
s!0
dI(s)
ds
=
=q
(4)2
1
M2
X
n
Cn
 q2
M2
n
; (A.12)
where for our purposes the relevant coecient is
C1 =  
(b((b  6)b+ 3) + 6b ln(b) + 2) ln

2
M2

  3b ln2(b) + 3(b  1)2
6(b  1)4  
2 ln

2
M2

+ 3
6
:
(A.13)
We can repeat this exercise for the other integrals contributing to diagram (1) to arrive at
the answer quoted in the text in (4.4).
Similar techniques are used to evaluate the other self-energy diagrams, with the results
quoted in section 4.
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